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Abstract

This note discusses how we may construct a hedge for a portfolio of
derivatives in the presence of general transaction cost for one step. This
automatically leads to a concept of risk-adjusted cost as a measure of risk.

Mathematically, our focus is the intuitive construction of “quadratic”
convex risk measures as an extension of the classic Markoviz-style mean-
variance approach. Our proposed approach boils down to using

inf
δ,W

{
cost(δ)−ess inf W+risk(Z+δH−W )

∣∣∣ risk(Z+δH−W ) ≤ risklimit
}
.

Here, H is a vector of hedging instruments and W is a potential write-
off. The “risk” term is meant being quadratic functional such as X 7→
‖min{X, 0}‖2 which leads to our preferred “Quadratic CVaR” convex risk
measure. In particular, our method has no need for computing “Greeks”.
We comment on the use of greeks for hedging is a separate section.

This note contains few genuine contributions, and should be seen as a
guide on existing research, in particular of the two articles Ben-Tal/
Teboulle [3] and Filipovic/Kupper [10]. It summarizes results presented
at Global Derivatives 2013 [6] and 2014 [7] where we presented results on
hedging exotics with the methods discussed here.

It also motivates the use of Convex Risk Measures in our more recent
work on the multi-step problem “Deep Hedging” [8].

*Opinions expressed in this paper are those of the authors, and do not necessarily reflect
the view of JP Morgan
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� V0.92: fixed mistake for norm-based convex risk measures (i.e. CVaR
and Quadratic CVaR are naturally normalized); added remark 4.2 on re-
hedging.

� V0.93: added proofs to show that π (corollary 4.1) and ρ are convex risk
measures (prop 2.1); added few more comments on arbitrage in section 4.2;
removed the need for trading cost to be convex. The function c is now as-
sumed to be non-negative, normalized, increasing on the positive axis, and
decreasing on the negative axis. We also added a comment in convexity
of trading cost with remark 4.1.
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� V0.931: renamed ”upper continuity” into the more commonly used ”con-
tinuity from above”.

� V0.932, 0.933: minor stylistic changes.

� V0.933: fixed various sign errors around utilities. A utility u is increasing
and concave; the associated risk kernel is ρ(X) = −E [u(X) ].

� V1.0: added references to our work on “Deep Hedging” [8].

1 Introduction

This note considers the problem of hedging a portfolio of derivatives using a
range of hedging instruments under transaction costs and liquidity constraints
over one period such as a week. In our more recent work “Deep Hedging” [8]
we consider the same problem over several hedging steps; the present work
is the theoretical underpinning of our approach there: for example, contrary
to common derivative literature, we focus here on the hedging of instruments
marked using complex derivative models, but under real life hedging conditions.
This is the standard set up for literature on “risk measures” in the sense of
“capital”, most notably Artzner, Delbaen, Eber and Heath’s seminal article [2]
and Föllmer and Schied’s book [12].

Assume that we are given a portfolio of derivatives with mark-to-model
values Zt. We wish to hedge the return of Z over the period [0, τ ] by investing
into a range of hedging instruments with values Ht = (H1

t , . . . ,H
n
t ). We denote

by dZ and dH the returns over the period [0, τ ].
The aim of this note is to present an approach akin to the Markoviz paradigm

for hedging, i.e. we wish to provide a sensible interpretation of a setup of the
form

inf
δ

{
cost(δ) + risk(Z + δH)

∣∣∣ risk(Z + δH) ≤ risklimit
}
.

We will show that “convex risk measures” are a well-motivated, and numerically
tractable choice for a concept of “risk” in such a setup. We assume that in
addition to being able to hedge with H, we are also allowed “writing off” any
part W of our portfolio. Then, our proposal is to use

inf
δ,W

{
cost(δ)−ess inf W +risk(Z+δH−W )

∣∣∣ risk(Z+δH−W ) ≤ risklimit
}
.

as a measure for the cost of risk of Z.
Our approach departs from nearly all classic derivative literature in that we

do not make use of any “Greeks”, and that we see “models” merely as methods
of producing model values upon which we design an otherwise non-parametric
statistical hedging strategy. Most specifically, we do not assume that the models
used for obtaining derivative values are in any way related, or “equivalent” to
the real world market.

This note is structured as follows: section 2 introduces our set up and moti-
vates the use of convex risk measures, in particular constructed via the “montone
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cash-invariant hull by Filipovic/Kupper [10]. We also show, as a minor original
contribution, when such measures are “relevant” in the sense that they give
finite measures of risk.

In section 3 we discuss examples and explain why our preferred measure of
risk is “quadratic CVaR”,

η(Z) := λ‖min{Z, 0}‖2 ,

Section 4 covers the use of our convex risk measures for determining a hedging
strategy and deriving a price for new trades. The main result is that the relative
cost of hedging Z is given by the program

R(Z) := infδ∈L,W∈W

{
c(δ)− ess inf Wτ︸ ︷︷ ︸

relative
implementation

cost

+ µ
(
dΠ
)︸ ︷︷ ︸

risk
penalty

∣∣∣ ν(dΠ
)
≤ 1︸ ︷︷ ︸

PnL risk
limit

dΠ := dZ + δdH−Wτ

}
.

We also comment on marginal pricing of a derivative P which we are to sell to
a client.

In our final section 5 we discuss how our results relate to the standard prac-
tise of using “Greeks” to manage risk and why this is an inferior approach.

This note contains few original contributions. It is meant as a motivation to
use convex risk measures and provides (we hope) a more accessible discussion
than that of Filipovic/Kupper’s very comprehensive work [10], which we will
quote extensively.

2 Risk

To reflect the practical situation in a typical investment bank, we assume that
positions are valued internally “to model” with some classic derivative pricing
models. In contrast to most literature on derivative risk management, we do
not assume that any of these internal pricing models are particularly related
to actual market dynamics: specifically, we do not assume that our models
are using a martingale measure equivalent to the statistical measure, or that
the market is complete. Rather, we are agnostic towards the pricing models
used, and see them merely as maps which provide mark-to-model values for
instruments based on prevailing market data. The only constraint we want to
impose is that if an instrument is liquidly traded, then the model value falls
between bid and ask prices to avoid obvious mark-to-market vs. mark-to-model
“arbitrage”.

Our discussion covers generic derivatives, securities, cash, currency and other
tradable instruments which can be valued either by using market prices or some
derivative pricing model. For simplicity it is convenient to just refer to “deriva-
tives” as the most general term. However, all of the below also applies to
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portfolios of cash equities, in which case the “model” value becomes, say, the
volume-weighted mid-price.

Technical Conditions

Notation – we define the usual operators a∧ b := min{a, b}, a∨ b := max{a, b}
and a+ := max{a, 0} as well as a− := (−a)+.

Measures – we assume we are given a probability space with a “statistical”
measure Q, which we have estimated, essentially, with classic statistical meth-
ods. See the presentations [6] and [7] as a reference.

This measure Q also defines all zero sets. That means that quantities such
as essential infima or suprema are defined with respect to Q, in the sense
ess inf X := sup{x ∈ R : Q[X ≥ x] = 1} where sup ∅ = −∞. On the en-
visaged use-case of a finite probability space, it makes sense to assume that Q
has full support, i.e. that no state we observe has zero probability under Q. Fur-
thermore, we assume that all variables of interest such as portfolio value, hedges,
and write-offs are square-integrable with respect to Q, c.f. Toussaint and Sircar
in [16] on motivating a square-integrable setup. We also denote by P the set of
all probability measures P which are absolutely continuous with respect to Q.
Most specifically, this implies that EQ[X] ≥ ess inf X for all X.

We use E to refer to the expectation operator under Q.

Interest – we assume that over the horizon of interest, rates are deterministic.
To ease notation, we therefore assume future values are implicitly discounted
by the respective discount factor. We may therefore assume for simplicity that
rates are just zero.

We refer to El Karoui and Ravanelli’s work [9] on the topic of asymmetric
funding or stochastic rates in the context of convex risk measures.

The Market

Portfolio and Hedging Instruments – we denote by Z a generic (long)
portfolio position of derivatives we want to hedge, each valued with its respective
derivative pricing model. We use Zt to refer to its (mark-to-) model value at t;
today is t = 0. As it is a total value, it also includes any cash position, e.g. those
accrued as part of trading the position Z. In the case of liquid instruments, the
mark-to-model value is the official book value, e.g. for equity a volume-weighted
mid-price.

Our focus is to hedge the exposure arising from Z after a period τ , Zτ . The
total return1 over this period is denoted by dZ := Zτ−Z0.2 Note that we assume

1We assume throughout that any cashflows such as coupons or dividends are accrued within
the valuation of the respective derivative or security. At expiry, the value of a derivative
becomes its settlement value, accrued accordingly when time passes. In this sense, each
position is “self-financed”: there are no cashflows in our out of the position.

2In practical applications, we would usually consider the weekly PnL (Proft-and-Loss)
arising from daily delta-hedging within [0, τ ], where the delta used is the respective model
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that we have proper return samples, and not just “delta-gamma” approximated
returns as often used in Greek-based VaR, e.g. Alexander, Coleman and Li [1].
See our presentations [6] and [7] on how to generate such returns.

To hedge Z, we are given a range of hedging instruments H with model
values Ht = (H1

t , . . . ,H
n
t )′ and return vector dH to τ . This could be any range

of instruments: shares, equity options, CDS, swaptions, FX spot, FX butterflies,
etc.

We are also simplifying the cost of carry in that we assume that there is
a uniform carry cost “numeriare” for both long and short cash positions, by
which all model values are discounted back to time t = 0. Not that this as-
sumption does not preclude that some instruments having a non-zero expected
return. It does allow us imposing the following very basic no-arbitrage condition
that Z0 ≥ ess inf Zτ and Hi

0 ≥ ess inf Hi
τ , i.e. today’s model value is at least the

worst-case model value of tomorrow.

Cost – to enter into a position δ = (δ1, . . . , δn) ∈ Rn of H today, we have
to pay the market price Ĥ(δ), rather than the model value δH0. A negative
market price Ĥ(δ) means that we are getting paid to enter into the position,
for example if δ represents a short position in a hedging instrument with a non-
negative payoff. We note that we do not assume that Ĥ is linear to allow for
cross-instrument price effects.

In order to avoid obvious mark-to-model arbitrage we assume that the trad-
ing cost function c(δ) := Ĥ(δ)−δH0 is normalized to c(0) = 0 and non-negative.
The latter means that the price to enter into a position exceeds its model value;
in this sense we assume that all of our pricing models are “well-calibrated”.

It is mathematically not necessary – but certainly more realistic – to also
impose that c is increasing on Rn+ and decreasing on Rn−, i.e. to assume that
buying more or selling more incurs higher trading cost.

Liquidity and Limits – if we model limited liquidity as infinite trading cost,
then the available liquidity in H can be expressed as the affine set {δ ∈ Rn :
|Ĥ(δ)| < ∞}. We further assume that our trading is subject to various mar-
ket risk limits such as greek exposure and stress scenario limits. These are
typically linear and affine. We will assume that the respective limits can be
reached with the available liquidity, hence that the resulting intersection of
allowed trading activity and available liquidity, L := {δ ∈ Rn : |Ĥ(δ)| <
∞} ∩ {market risk limits}, is not empty.

Write-Offs – the final component of our discussion is the ability to “write off”
arbitrary payoffs of our portfolio over the period τ at a cost of their worst-case
outcome: assume we wish to write off Wτ , such that that the new portfolio
value becomes Zτ −Wτ , then the cost for doing so is −ess inf Wτ . An extreme
example is obviously Wτ = −Zτ , in which case the entirety of the portfolio is
written off at the cost of the worst-case outcome of the overall portfolio.

delta.
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Also note that if the market price of entering into a hedging instrument Hi

is higher than the best-case outcome, then we will not trade in that instrument
but prefer to write-off the respective payoff if necessary.

We symbolically refer to write-offs as W , with values W0 = 0 and Wτ ∈ L2
τ .

We define by W := {Wτ ∈ L2
τ : ess inf Wτ > −∞} the space of reasonable

write-offs.
In the subsequent text we will occasionally drop the index “τ” in order to

increase readability.

Risk vs. Cost – the task at hand is to find for a given long portfolio Z a “best”
hedge (δ∗,W ∗) ∈ L ×W such that the resulting hedged position

Z + δ∗H−W ∗

is optimal in the sense that it has the lowest cost to bringing the overall position
within acceptable risk limits. We therefore need a notion of “risk” in order to
make such an optimal choice.

2.1 Risk as a Cost

In this section we aim to construct intuitively a family of measures of risk which
can subsequently be used for practical optimization of portfolios of derivatives.
Our notion of risk is in fact much more like a “risk-adjusted cost”.3 We will
use the variable X throughout to denote a generic square-integrable random
variables representing a long position.

The most natural property of any notion of risk is diversification or, in
mathematical language, convexity : it simply means that the risk of a joint
position is less than the sum of the individual risks.

Definition 2.1 (Risk Pre-Kernel) We call a map η : L2(Q) → R̄ a risk pre-
kernel if it is convex and normalized to η(0) = 0.
We also impose the technical condition of continuity from above: assume that Xn ↓
X in L2, then ρ(Xn) ↑ ρ(X), c.f. Toussaint and Sircar in [16] proposition 2.4.

However, our concept of risk is to be different than that of raw “uncertainty”.
We aim to combine the overall expected benefit of a position with the probability
of a loss. Most importantly, a notion of “risk” needs to be actionable: it is to
dictate an action of to either add add or remove money from a position. This
means that we wish to develop a notion of risk which can be interpreted as a
(risk-adjusted) cost.

An immediate consequence of this is that risk ought to be monotone de-
creasing: risk (as in cost) must be to be lower for a position which is strictly
better than another.

3We distinguish between ‘cost” as an internal hurdle rate and “prices” as a negotiation
statement.
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Definition 2.2 (Risk Kernel) We call a pre-kernel η a (proper) risk kernel if
it is monotone decreasing, i.e. η(X1) ≤ η(X2) whenever X1 ≥ X2. We will
generally just refer to η as being “monotone”.

This formulation disqualifies notions of risk which are actually notions of “un-
certainty” such as plain variance.

A trivial example of a proper risk kernel for X is the “careless” kernel,

X 7→ 0 .

Under this kernel, nothing has any risk.
Another extreme example is the worst-case risk measure

X 7→ −ess inf X

which embodies total risk aversion. It represents an upper bound on any rea-
sonable risk measure as we will show in our section 2.3 on “relevance”.

A further well-known group of kernels are the “risk-neutral” expectation
operators with respect to a measure P ∈ P,

X 7→ −EP [X ] .

Such measures P might be chosen to comparatively stress (presumably extreme)
scenarios;4 indeed, in all the following examples, we may use a measure P other
than Q to define expectations or norms.

Classic non-trivial examples for mere pre-kernels are the Markoviz-style [13]
mean-variance and mean-volatility operators

X 7→ −E [X ] + λ ‖X − EX‖22 and X 7→ −E [X ] + λ ‖X − EX‖2 . (1)

Both are are convex, c.f. proposition 3.1 on page 14. However, both are well-
known for not being monotone.5 Hence they are merely pre-kernels. From a
practical point of view, they are unsatisfactory since they penalize upside gains
as much as downside losses – in other words, they are not actually measures of
“risk”, but measures of “uncertainty”.

This non-monotonicity of the Markoviz pre-kernels (1) is rectified by using
their downside-risk “semi-quadratic” risk-kernels

X 7→ −E [X ] + λ ‖(X − EX)−‖p2 p ∈ {1, 2} (2)

which are both monotone and convex, c.f. proposition 3.2 on page 15. These
are intuitively more appropriate measures of risk since they penalize only losses.
(Unfortunately, we will show in section 3.2.1 on page 17 that this class of pre-
kernels leads to trivial linear convex risk measures.)

4Recall that P is absolutely continuous w.r.0 Q, which makes sure that ess inf X ≤ EPX.
5As an example for λ ↑ ∞, consider the payoff zero, compared to a random payoff which

pays 0 or 1 randomly.
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The final, related, class of examples are the CVaR-style risk kernels of the
form

X 7→ λ ‖X−‖qp (3)

for λ ≥ 1. The most famous case is CVaR itself, given by p = q = 1, where λ is
typically given as λ := 1/(1− α) for a confidence level α ∈ [0, 1).

The quadratic “Quadratic CVaR” case p = 2 and q = 1 is our preferred
risk model as it is numerically efficient to implement and provides a standard
interpretation of risk.

2.2 Convex Risk Measures

Given a pre-kernel η, and a long position X, we may now ask what is the optimal
write-off in order to achieve the minimum stated risk. This translates into the
program

ρ(X) := inf
W∈W

{
−ess inf Wτ︸ ︷︷ ︸

cost

+ η(X −W )︸ ︷︷ ︸
risk

}
. (4)

We may write any W ∈ W as W = W+−w where w ∈ R and W+ ≥ 0. Hence,
we may write

ρ(X) = inf
w∈R,W+≥0

{
w + η(X + w −W+)

}
. (5)

Moreoever, if η is a proper risk measure, monotonicity implies that (4) simplifies
to

ρ(X) = inf
w∈R

{
w + η(X + w)

}
. (6)

The monotone, convex functional ρ is the “monotone cash-invariant hull”
of µ as discussed in Ben-Tal/Teboulle’s work [3] or in Filipovic/Kupper’s rather
technical article [10]. (Also note that the “inf” here is properly defined over L2

due to the assumption of upper continuity; c.f. Toussaint and Sircar’s proposi-
tion 2.4 in [16].) In other words, ρ is a convex risk measure a’la Föllmer and
Schied [12]:

Definition 2.3 (Convex Risk Measure) A functional ρ is called a convex risk
measure if it has the following properties:

1. Monotonicity: it is cheaper to hedge a more favourable position. For two
portfolios X1 ≥ X2 pricing is monotone decreasing, i.e. ρ(X1) ≤ ρ(X2).

2. Convexity (Diversification): hedging parts of the same portfolio sep-
arately raises the cost of doing so. Formally: for any two portfolios X1

and X2 and any α ∈ [0, 1], α′ := 1 − α we have ρ(αX1 + α′X2) ≤
αρ(X1) + α′ρ(X2).

3. Cash-Invariance: if cash is added to a position, then the Cost of Risk
drops by that amount: ρ(X + c) = ρ(X)− c for all c ∈ R.
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On L2(Q) we also impose the technical condition

4. Continuity from Above: For any Xn ↓ X in L2, we have ρ(Xn) ↑ ρ(X).

Note that if η is already cash-invariant, then

ρ(X) = inf
W+≥0

{
η(X −W+)

}
. (7)

Cash-Invariance implies in particular that

ρ(X + ρ(X)) = 0 ,

which means ρ(X) has a clear interpretation as the required cash amount to
add to our position such that the new position has zero risk. At first sight,
one may argue that maintaining zero risk is economically imprudent, and that
we should allow ourselves some capacity to warehouse risk. However, this is a
misunderstanding of the term “risk”. For us, “risk” here is really a “cost”, and
having zero cost for a non-zero position is not desirable. Further information
can be found in Föllmer and Schied’s book [12].

We now extend our definition (4) to the case where we use a pre-kernel
both for risk-adjustment and as a constraint. This captures the common case
where a portfolio optimization problem is solved under a total risk constraint,
for example on the risk defined by a set of stylized risk-factors such as industry
sectors.

Proposition 2.1 Assume that µ and ν are pre-kernels. Then,

%(X) := inf
W∈W

{
− ess inf Wτ + µ(X −W )

∣∣∣ ν(X −W ) ≤ 1
}

(8)

is a convex risk measure.
We may also write

%(X) = inf
w∈R,W+≥0

{
− w + µ(X + w −W+)

∣∣∣ ν(X + w −W+) ≤ 1
}
.

Moreover

1. If both µ and ν are normalized, then % is normalized.

2. If both µ and ν are monotone, then (8) simplifies to

%(X) = inf
w∈R

{
w + µ(X + w)

∣∣∣ ν(X + w) ≤ 1
}

(9)

Proof – We first show that % is monotone: assume thatX ≥ Y . For anyW , η(X−
W ) ≤ η(X −W ) for η ∈ {µ, ν}, hence monotonicity follows.
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To see convexity, assume α ∈ (0, 1) and set α′ := 1− α. Then,

α%(X) + α′%(X)

= α inf
U∈W

{
− ess inf Uτ + µ(X − U)

∣∣ ν(X − U) ≤ 1
}

+α′ inf
V ∈W

{
− ess inf Vτ + µ(Y − V )

∣∣ ν(Y − V ) ≤ 1
}

= inf
U∈W,V ∈W

{
− ess inf αUτ − ess inf α′Vτ + αµ(X − U) + α′µ(Y − V )

∣∣
αν(X − U) ≤ α , α′ν(Y − V ) ≤ α′

}
≥ inf

U∈W,V ∈W

{
− ess inf αUτ − ess inf α′Vτ + αµ(X − U) + α′µ(Y − V )

∣∣
αν(X − U) + α′ν(Y − V ) ≤ 1

}
≥ inf

U∈W,V ∈W

{
− ess inf αUτ − ess inf α′Vτ + µ(αX + α′Y − (αU + α′V ))

∣∣
ν(αX + α′Y − (αU + α′V )) ≤ 1

}
≥ inf

U∈W,V ∈W

{
− ess inf (αUτ + α′Vτ ) + µ(αX + α′Y − (αU + α′V ))

∣∣
ν(αX + α′Y − (αU + α′V )) ≤ 1

}
= inf

W=αU+α′V :U∈W,V ∈W

{
− ess inf Wτ + µ(αX + α′Y −W )

∣∣
ν(αX + α′Y −W ) ≤ 1

}
.

To show cash-invariance, let c ∈ R. Then,

%(X + c) = inf
W∈W

{
− ess inf Wτ + µ(X + c−W )

∣∣∣ ν(X + c−W ) ≤ 1
}

= inf
W ′:=W−c∈W

{
− ess inf (W ′τ + c) + µ(X −W ′)

∣∣∣ ν(X −W ′) ≤ 1
}

= %(X)− c .

If µ and ν are both normalized, then clearly %(0) ≤ 0. For anyW we have µ(−W ) ≥
ess inf Wτ , hence −ess inf Wτ + µ(−W ) ≥ 0. Therefore, %(0) = 0.

�

2.3 Relevance

Our construction of convex risk measures is, as we hope, well motivated and easy
to implement. However, it has one potential deficiency: consider the pre-kernel

η(X) := λ‖X−τ ‖p (10)

with λ ∈ (0, 1). The value for ρ(0) is given by infw{w+λ|w−|}, whose infimum
for λ < 1 is attained in w ↓ −∞. In other words,

ρ(0) = −∞ ,
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which means we derive infinite benefits of holding nothing.
This occurs because the benefit of taking out what amounts to a loan of

size w today outweighs the perceived risk of having to pay it back tomorrow.
This is clearly not a desirable outcome.

Definition 2.4 (Relevance) We call a convex risk measure ρ relevant if it is
finite for any bounded payoff, i.e.

ρ(X) > −∞ .

for all X with ess supX <∞.

The following improves upon the results in both Ben-Tal/Teboulle [3] and Fil-
ipovic/Kupper [10] since it only requires to look at the finiteness of ρ at zero:

Proposition 2.2 A convex risk measure is relevant if and only if ρ(0) > −∞.

Note that a normalized convex risk measure, i.e. one with ρ(0) = 0 is by def-
inition relevant. For example, will show below in our example section that
for λ > 1, (10) is relevant.

Proof of proposition 2.2– We only have to show one direction. Assume that ρ(0) >
−∞ and that X is bounded from below. Then ρ(X) ≥ ρ(ess supX) = ρ(0) −
ess supX > −∞. �

If ρ is relevant then we may w.l.g. assume that we are given the normalized
convex risk measure

X 7−→ ρ(X)− ρ(0) = ρ
(
X + ρ(0)

)
.

Corollary 2.1 Let ρ be a normalized convex risk measure. Then it satisfies

� Boundness from Below: ρ(X) ≥ −ess supX: the Cost of Risk of a
position can never be better (be more negative) than the best-case outcome.

� Boundness from Above: ρ(X) ≤ −ess inf X: the Cost of Risk of a
position can never be worse (be more positive) than the worst-case loss.

� Cash-Equivalence: ρ(c) = −c for all c ∈ R.

If η is normalized, then the upper bound is attained with the choice W =
−X, which means that we may restrict our search space to W ∈ W : −W ≤ X
or, in the formulation of (5) to (w,W+) such that w ≤ −ess inf X and 0 ≤
W+ ≤ X − ess inf X.

12



2.3.1 Linearity

The opposite concern to “relevance” is the question on whether a particular
pre-kernel accidentally yields a too simple risk measure. Consider, for example,
the rather natural risk-kernel

η(X) := −EX + λ‖X−‖qp
for p, q ≥ 1 and λ ≥ 0 (c.f. proposition 3.2 for convexity and monotonicity).
The associated convex risk measure is

ρ(X) = inf
w∈R

{
− E[X] + λ‖(X + w)−‖qp

}
which reduces by taking w ↑ ∞ to the trivial

ρ(X) ≡ −EX .

The issue at hand is that η becomes simply linear on the positive upside. That
means we are tempted to write off any negative part of X, such that X +
w ≥ 0, w > 0. We pay |w| to do so, but this is compensated by the linear
contribution w from η.

We note the following first result:

Lemma 2.1 Assume that ρ is normalized and that

ρ(X) ≤ −EPX , (11)

for any P ∈ P. Then ρ is actually linear,

ρ(X) = −EPX .

Proof – We show that ρ(X) = −EPX: first, ρ(0) = −EP0 = 0. Assume Y is such
that ρ(Y ) < −EPY . Write 0 = 0.5Y +0.5(−Y ), hence −ρ(−Y ) ≤ ρ(Y ) < −EPX
which yields ρ(−Y ) > −EP(−Y ), a contradiction to (11). �

Definition 2.5 We call a risk measure ρ law-invariant under P ∈ P if ρ(X) =
ρ(Y ) for all X and Y which have the same law under P.

Föllmer and Knispel show in [11] in section 5.4 the intuitive result:

Theorem 2.1 Assume that all variables are L∞. Every law-invariant convex
risk measure ρ under P is linearly bounded from below in the sense

ρ(X) ≥ −EP[X] .

We therefore may write ρ in terms of the non-negative γ(Y ) := −ρ(Y −EP[Y ]) =
ρ(Y ) + EP[Y ] as

ρ(X) ≡ −EP[X] + γ(X) .

As shown in [11] in section 5.4, γ is then a measure of dispersion in the sense
that

13



� γ(X) ≥ 0 with γ(X) > 0 if X is not a constant P-a.s.,

� γ(X + c) = γ(X) for all c ∈ R.

� γ is convex.

� γ(λX) = λγ(X)

2.4 Related Work

We claim no novelty in the above construction of convex risk measures. We
refer to Ben-Tal and Teboulle’s work [3] who, to our knowledge, first used the
concept of a cash-invariant hull to generate convex risk measures.

They called their approach the Optimized Certainty Equivalent, or OCE ;
the authors work with utility functions; recall that u is a utility function if it
is normalized, monotone increasing and concave. Ben-Tal and Teboulle also
comment on relevance, see their proposition 2.1 and remark 2.1. As a minor
contribution from our side, we generalize those results into proposition 2.2.

Their results translate into our setup by using the risk kernel

η(X) := −E[u(Xτ )] . (12)

Assuming smoothness of u, this yields the condition

w(X) : 1
!
= E[∂wu(Xτ − w)] (13)

for the optimal w in (9). Relevance is then implied by the existence of a fi-
nite w(0) such that 1 = u′(−w(0)), c.f. definition 2.1 in [3].

If η is indeed relevant, then we may set

ρ(X) := −w(X)− E[u(Xτ − w(X))] , (14)

as before.
The extension of the OCE to non-monotonic functions was provided by

Filipovic and Kupper in [10] who introduced P-monotone hulls i.e. our “pre-
kernels”. Our minor contribution is the interpretation of this being the result
of allowing writing off parts of the payoff, and subsequently the introduction of
hedging instruments.

3 Examples

We follow up with a list of examples for practical consideration. Nearly of these
examples were discussed already in Filipovic/Kupper [10]. The only minor
addition to the material there is our coverage of the mean-semi norm case.

We start with a few general comments on convexity and monotonicity:

Proposition 3.1 The map X 7→ ‖X‖qp is convex for p, q ≥ 1 and all mea-
sures P ∈ P.

14



Proof – Any norm is convex.6 For p > 1, note that the function x 7→ xq for q ≥ 1
over R+ is increasing and convex, hence7 ‖ · ‖qp is convex for all p, q ≥ 1. �

Proposition 3.2 The map X 7→ ‖X−‖qp is convex and monotone decreasing
for p, q ≥ 1.

Proof – Following the argument for the previous proposition it is sufficient to
show the claim for q = 1.

Let therefore g(X) := λ‖min{0, X}‖p.
We show first monotonicty: the function g is scale-invariant, i.e. g(aX) =

ag(X) for all a ≥ 0, and therefore sub-additive: 1
2g(X + Y ) = g( 1

2X + 1
2Y ) ≤

1
2g(X)+ 1

2g(Y ). To show that it is decreasing, assume X1 ≥ X2, such that X1 =
X2 + Y where Y ≥ 0. Then g(X1) = g(X2 + Y ) ≤ g(X2) + 0.

To show convexity, let α ∈ [0, 1] and α′ := 1−α. We note that min{0, αX1+
α′X2} ≥ αmin{0, X1}+α′min{0, X2} because of concavity of min{0, ·}. Mono-
tonicity yields g(αX1 + α′X2) = g(min{0, αX1 + α′X2}) ≤ g(αmin{0, X1} +
α′min{0, X2}) = ‖αmin{0, X1} + α′min{0, X2}‖p. Applying now the previ-
ously shown convexity of ‖ · ‖p shows that g is convex, too. �

3.1 Generalized CVaR: Semi-Norm

We may generate a wide range of convex risk measures using an extension of
the CVaR-approach. To this end, consider the monotone and convex kernel

η(X) := λ‖X−‖qp (15)

with p, q ≥ 1 and λ > 1, where the norm might be defined with respect to any
measure P ∈ P. Relevance follows from noting that the map

w 7−→ −w + λ|w|q

is minimized in w = 0 for q = 1 and w = (qλ)1/(q−1) for q > 1.8 For the case q =
2 specifically, we get w = 2λ. See also Filipovic/Kupper [10], section 5.4.

3.1.1 CVaR (“Short Fall”)

The classic example of risk measures along the lines of (15) is CVaR with p =
q = 1 and λ = 1/(1− α) for a confidence level α ∈ [0, 1], for example α = 95%.
Note that λ ∈ [1,∞]. Minimizing the unconditional objective

w 7−→ −w + λE
[
(X − w)−

]
6Let α ∈ [0, 1] and α′ := 1−α, then ‖αX1+α′X2‖p ≤ ‖αX1‖p+‖α′X2‖p by sub-additivity.

Since ‖αX1‖p = α‖X1‖p, convexity follows.
7We have f(g(x))′′ = [f ′(g(x)) ∗ g′(x)]′ = f ′′(g(x))g′(x)2 + f ′(g(x))g′′(x). Hence f ◦ g is

convex if ′f ≥ 0 which is the case for f(x) = xq over R+.
8Assume q > 1, then the minimal w solves 1 = λqwq−1 for w ≥ 0.
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yields 1 = λP[X ≤ w]; in other words, the optimal point w∗ satisfies

P[X ≤ w∗] = 1− α .

This representation of CVaR as essentially a linear proramming problem is
due to Rockafellar/Uryasev [15].

CVaR is not only a convex risk measure, but also coherent and the prototype
example of the theory discussed by Artzner et.al. [2]. From a theoratical point
of view, this makes it an attractive approach.

The drawback of using CVaR is that for commercially reasonable confidence
levels of α, it focuses entirely on the (1− α)’th percentile of the distribution of
a portfolio. If we consider a sample space of, say, 255 data points, then using
CVaR@95% means that we only care about the value of the worst 13 sample
points in the distribution of a trial portfolio for a given level of average return.
We are practically insensitive to the behaviour of the portfolio under “normal”
circumstances. Of course, for regular distributions controlling the 95% usually
results in controlling “normal” behaviour, too, but in our view the latter should
rather be a genuine property of the risk measure used.

3.1.2 Quadratic CVaR

This concern is addressed by using the quadratic version of (15) with p = 2, i.e.

η(X) := λ‖min{0, X}‖2

for λ ≥ 1. In this setup, the respective numerical optimization problem (22)
remains numerically efficient since it can be represented as a cone problem.

As in the CVaR case, consider the unconditional objective

w 7−→ −w + λ‖(X − w)−‖2

The optimal point w∗ satisfies

1

λ
=
‖(w∗ −X)+‖1
‖(w∗ −X)+‖2

,

which does not have a simple interpretation as in the CVaR case. However, we
may parameterize λ as λ := 1 + δ where δ might be interpreted as classic risk
aversion in terms of standard deviation. (We saw above with the example in
the beginning of section 2.3 that a value of λ < 1 does not create a relevant risk
measure, because in this case the “risk” associated to entering into a positive
position is smaller than the “gain” of writing it off.)

This is the favourite measure of the authors, mainly because of its efficiency
of implementation and closeness to CVaR.

3.1.3 Symmetric Generalized CVaR: Norm

We shall also consider the symmetric family of pre-kernels

η(X) := λ‖X‖qp (16)
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where as before p, q ≥ 1 and λ ≥ 1. The norm might be defined w.r.t. any P ∈ P.
These pre-kernels penalize losses as much as gains, which is not a particularly
natural assumption. However, as we will see below, they are closely related to
some forms of mean-risk kernels, hence we note here that (16) is a indeed a
family of relevant normalized pre-kernels: in order to show relevance, assume
by contradiction that there is a W such that

0 > −ess inf W + λ‖W‖qp =: m(W )

In this case ess inf W > 0, i.e. W > 0, but this means ‖W‖ ≥ ess inf W ,
hence m(W ) cannot be negative. This contradicts our assumption m(0) = 0,
hence we have shown that (16) is indeed relevant.

See also Filipovic/Kupper [10], section 5.3.

3.2 Mean-Risk Kernels

In this section we investigate the relevance of a range of classic mean-risk ker-
nels in the spirit of Markoviz’ work [13]. In all cases, we combine an expected
“average” return with a risk penalty term which we apply to either the out-
right position or its performance vs. its expected value. We consider both the
symmetric and the CVaR “downside” risk case.

As a general comment, we notice that if η is a [pre-] kernel, then

η′(X) := −EPX + η(X)

is also a [pre-] kernel for any P ∈ P.

3.2.1 Mean-Semi Norm

The downside mean-risk kernel is given by

η(X) := −E[X] + λ‖X−‖qp (17)

for p, q ≥ 1 and λ ≥ 0. It is decreasing. As shown in section 2.3.1, the associated
convex risk measure is actually linear

ρ(X) ≡ −E[X] .

This disqualifies the otherwise very natural kernel (17).

3.2.2 Mean-Norm

The symmetric centralized mean-risk pre-kernel is given by

η(X) := −E[X] + λ‖X‖qp

for p, q ≥ 1 and λ ≥ 0; c.f. Filipovic/Kupper [10], section 5.3. The function

W 7−→ −ess inf W + EW + λ‖W‖q
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has a minimum in W = 0 following similar arguments to those for showing (16).
Therefore, η is relevant and normalized. This setup allows those who dislike the
downside formulation (17) still using quadratic mean-risk. Here, λ is truly the
sought-after standard deviation.

3.2.3 Mean-Semi Deviation

The downside centralized case is given by

η(X) := −E[X] + λ‖(X − EX)−‖qp

for p, q ≥ 1 and λ ≥ 0. It is convex but not decreasing for λ > 1, c.f. Fil-
ipovic/Kupper [10], section 5.2. The case λ ∈ [0, 1] is too restrictive to be of
practical use hence we focus on the general non-monotone case: we see that

W 7−→ −ess inf W + EW + λ‖W − EW‖qp

attains its minimum in W = 0, simply because the norm only ever contributes
positively to the right hand side. Hence, η is normalized and therefore relevant.
While it is not monotone, it is cash-invariant, which means that computing ρ
only requires the reduced form (7).

3.2.4 Mean-Deviation

The symmetric centralized case is given by

η(X) := −E[X] + λ‖X − EX‖qp

for p, q ≥ 1 and λ ≥ 0. Again, this is a normalized relevant cash-invariant pre-
kernel. See also Filipovic/Kupper [10], section 5.1. Its program for computing ρ
is reduced to (7).

In the special case where X is normal, the mean-deviation measure is equal
to the certainty equivalent of the exponential utility, and therefore per se a
convex risk measure.

3.3 Certainty Equivalent of the Exponential Utility

The exponential utility is given as

u(x) :=
1

λ

(
1− e−λx

)
(18)

for a risk-aversion parameter λ > 0.
It is normalized, increasing and concave, hence we may define the associated

risk kernel as in (12) as η(X) := −E[u(Xτ )]. The respective condition (13) for w
is

1 = E
[
−∂w

1

λ
e−λ(Xτ−w)

]
= eλwE

[
e−λXτ

]
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which yields w = − 1
λ logE

[
e−λXτ

]
. Plugging this into (14) gives, as expected,

the (standard) certainty equivalent of the expected utility,

ρ(X) =
1

λ
logE

[
e−λXτ

]
. (19)

If considered for a normal X with mean m and volatility σ, i.e. X = m + σN
with N standard normal, we obtain

ρ(X) =
1

2
λσ2 −m .

This gives the above an interpretation of a mean-“variance” based risk measure
a’la Markoviz [13].

We note that (19) is simply the classic utility uncertainty equivalent of the
exponential utility:

Definition 3.1 Recall that u is called a utility function if it is increasing and
concave. The certainty equivalent of u is defined as

U(X) := −u−1E[u(X)] .

The exponential utility (18) has inverse u−1(y) = − 1
λ log(1− λy). Its certainty

equivalent is therefore indeed (19).

Remark 3.1 U is also not always convex, c.f. Ben-Tal and Teboulle [4], the-
orem 5.1. An example of a non-trivial utility which yields a convex certainty
equivalent is

u(x) := (αx+ b)
α−1
α

Remark 3.2 U is not generally cash-invariant; this is here a consequence of the
exponential utility having “constant absolute risk aversion”.

In fact, the only utility for which the uncertainty equivalent is a convex risk
measure is the exponential utility with the linear limit case included, c.f. Ben-Tal
and Teboulle [4], corollary 5.1 and the commentary thereafter.

4 Hedging

In the previous section we have learned how to derive convex risk measures from
(hopefully) natural assumptions by just using the ability to write off parts of
our portfolio returns. In this section, we go back to our original question on
how to use a range of hedging instruments to hedge a long position Z using a
range of hedging instruments H.
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Definition 4.1 (Cost of Risk) Assume that ν and µ are two pre-kernels. The
Cost of Risk for a position Z is then given by the program

π(Z) := infδ∈L,W∈W

{
Ĥ(δ)− ess inf Wτ︸ ︷︷ ︸
implementation

cost

+ µ
(
Πτ

)︸ ︷︷ ︸
risk

penalty

∣∣∣ ν
(
Πτ

)
≤ 1︸ ︷︷ ︸

risk
constraint

Π := Z + δH−W︸ ︷︷ ︸
hedged position

}
(20)

We call any (δ∗,W ∗) which minimizes the Cost of Risk an optimal hedge for Z.

Note in particular that the ability to “write off” parts – and therefore poten-
tially all – of the portfolio Z ensures that the risk constraint ν ≤ 1 can always
be achieved.

Note that we may write

π(Z) = inf
δ∈L

{
Ĥ(δ) + %

(
Z + δH

)}
= inf

δ∈L

{
c(δ) + %

(
Z + δdH

)}
, (21)

where % was defined in (8) as

%(Z) := inf
W∈W

{
− ess inf Wτ + µ(Z −W )

∣∣∣ ν(Z −W ) ≤ 1
}
.

Corollary 4.1 π is a convex risk measure.

Proof – Cash-Invariance and monotonicity follow directly by construction from
the cash-invariance and monotonicity of %. To show convexity, let α ∈ (0, 1)
and set α′ := 1− α. Then,

π(αX + α′Y ) = inf
δ∈L

{
Ĥ(δ) + %(αX + α′Y + δH)

}
≤ inf

δ∈L

{
α(Ĥ(δ) + %(X + δH)) + α′(Ĥ(δ) + %(Y + δH))

}
≤ απ(X) + α′π(Y ) ,

hence % is a convex risk measure. �

If µ and ν are normalized, then π(0) ≤ 0, but per se we cannot assume
that π(0) = 0. In fact, when using statistical data to estimate the returns of
hedging instruments vs. current market prices, it is rather likely that one finds
a case of statistical arbitrage. We will comment on this further in section 4.2
below.

Remark 4.1 (Convexity of Trading Cost) We had only assumed that our trad-
ing cost c is non-negative and normalized. That means that the function

δ 7→ Ĥ(δ) + %(X + δH)
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may be rather irregular. However, if c is itself convex, then so is above function,9

hence our program (21) is a convex optimization problem.
However, convex trading cost functions exclude the case of fixed transaction

fees, e.g. trading costs of the form

Ĥ(δ) =

n∑
i=1

ki01δi 6=0 +Hi
0

(
kib max{0, δi}+ kis max{0,−δi}

)
.

To come back to π: in case the two kernels µ and ν are monotone decreasing,
we obtain the simplified result:

Proposition 4.1 If µ and ν are proper risk kernels, then the infimum over
random variables W in (20) is attained in a real number w, and we may write
the Cost or Risk as

π(Z) := infδ∈L, w∈R

{
Ĥ(δ) + w︸ ︷︷ ︸

implementation
cost

+ µ
(
Πτ

)︸ ︷︷ ︸
risk

penalty

∣∣∣ ν
(
Πτ

)
≤ 1︸ ︷︷ ︸

risk
constraint

Π := Z + δH + w︸ ︷︷ ︸
hedged position

} (22)

Problem (22) is computationally much more efficient than (20) as it does not
require optimization over the entire sample space via W in the way (20) does.

Interpretation 4.1 The Cost of Risk for Z represents the additional external
cash requirement (a negative numbers implies a possible withdrawal) for holding
the position Z after an optimal hedge (δ∗,W ∗) has been put in place. Note that
this covers the cost of implementing the hedge itself.

In particular, the relationship

π(Z + π(Z)) = 0

means we may interpret π(Z) as the all-in cost of Z which maintains a nominally
riskless position.10

Remark 4.2 Note that the use of (truly) convex trading cost implies typically
that

π
(
π(Z) + Z + δ∗H− Ĥ(δ∗)−W ∗ + ess inf W ∗

)
< 0 .

Basically, that means that if we have found an optimal hedge, implemented it,
and then re-optimize, we may find an even better hedge. The reason is technical:
in our setup, trading cost and therefore liqudity and limits are set up around a

9Ĥ(αδ + α′δ′) + %
(
α(X + δH) + α′(X + δ′H)

)
≤ Ĥ(δ) + %(X + δH)

10Classic literature on convex risk measures refers to the set {X : ρ(X) ≤ 0} as the accep-
tance set of ρ; c.f. Föllmer and Schied [12]; we go one step further and provide a monetary
gain for any X such that ρ(X) < 0.
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“zero” hedge. For example, assume that we are only allowed to trade one unit
of H1. However, by running our optimization twice, we are now able to purchase
twice H1.

To alleviate this, the second optimization needs to base the new hedge around
the first one, in which case re-optimization will not yield a better result.

Formally, that means if δ0 is the result of the first optimization, then the
second optimization uses c′(δ′) := c(δ′ + δ0) for δ′ ∈ L′ := {δ′ : δ′ + δ0 ∈ L}
accordingly.

4.1 Marginal Pricing

Let us assume we have an existing portfolio Z of derivatives, and we are asked
to sell a derivative P to a client. The marginal Cost of Risk is given by

m0(P ) := π(Z − P )− π(Z) . (23)

It is the minimum price we should charge for selling P in the presence of an
existing long position Z.

Representation (23) uses via (20) absolute price levels of both the position Z
and the hedges. This is mathematically correct in the sense that it assumes
that Z encompasses the entire current portfolio including current cash holdings.

Assume now that we wish to operate rather in return space, i.e. dZ and dH.
This is a much more natural situation in a financial institution since capital
requirements and the like are necessarily held properly only at higher level
where the overall non-linear calculation can be performed. If we are anyway
rather interested in marginal pricing, then such a relative representation is rather
useful, as we will see shortly.

Notation 1 We call
R(Z) := π(dZ)

the Relative Cost of Risk for Z. It has the following intuitive representation:

R(Z) = infδ∈L,W∈W

{
c(δ)− ess inf Wτ︸ ︷︷ ︸

relative
implementation

cost

+ µ
(
dΠ
)︸ ︷︷ ︸

risk
penalty

∣∣∣ ν(dΠ
)
≤ 1︸ ︷︷ ︸

PnL risk
limit

dΠ := dZ + δdH−W
}
.

(24)
As before, if µ and ν are monotone, then

R(Z) = infδ∈L, w∈R

{
c(δ) + w + µ

(
dΠ
) ∣∣∣ ν(dΠ

)
≤ 1

dΠ := dZ + δdH + w
}
.

(25)
If µ and ν are convex risk measures, then

R(Z) = inf
δ∈L

{
c(δ) + µ

(
dΠ
) ∣∣∣ ν(dΠ

)
≤ 1; dΠ := dZ + δdH

}
. (26)
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Proposition 4.2 We have the trivial relationship R(Z)−Z0 = π(Z), hence the
marginal minimum price for selling a position P is given in terms of Relative
Costs of Risk as

m0(P ) := P0︸︷︷︸
model
price

+ R(Z − P )−R(Z)︸ ︷︷ ︸
risk

adjustment

.

Most importantly, we do not need to know the total value of Z0, only its return
distribution dZ.

4.2 Relevance under Hedging: Absence of Arbitrage

The introduction of hedging instruments causes the same concern as the con-
struction of convex risk measures in the first place: how to we make sure that
the cost and return structure of hedging instruments does not create real or
statistical arbitrage?

With “real” arbitrage we refer to cases such as H1
0 = 0 and H1

τ ≥ 0 with a
non-zero Q-probability that H1

τ is positive. Note that this does not imply that
such opportunity is exploited by program (20): if we use the worst-case measure
inf, then only sure, not just likely positive returns will be exploited. Moreoever,
any other measure will still balance cost vs. opportunity; we say δ ∈ L is a
static arbitrage opportunity if

δHτ − Ĥ(δ) ≥ 0 and Q
[
δHτ − Ĥ(δ) > 0

]
> 0 . (27)

It is straight forward to avoid static arbitrage opportunities:

Proposition 4.3 If Hi
0 > ess inf Hi

τ for all i; then there is exist no static arbi-
trage opportunity.

Statistical Arbitrage

The more interesting case, however, is that of a statistical arbitrage opportunity
which depends on the measure %. It is defined as a δ ∈ L with the property

Ĥ(δ) + %(δHτ ) < 0 . (28)

For example, set Ĥ(δ) = δH0 and %(X) := −EP[X] for a measure P ∈ P such
that EP[H1

τ ] > H1
0 . Then δ = (1, 0, . . . , 0) is such an arbitrage direction.

In fact, given hedges H, we can always find a kernel which creates statistical
arbitrage as long as the returns of the hedging instruments are not pathological:
assume that H1

τ is such that the set A = {δ1H1
τ > Ĥ(δ1)} has non-zero Q-

probability for some δ1 6= 0. Define the measure P[B] := Q[A ∩B]/Q[A] which
is absolutely continuous with respect to Q. Then %(X) := −EP[X] has the
statistical arbitrage opportunity (δ1, 0, . . . , 0).

Indeed, if the aim of the practitioner is using statistical tools to detect “al-
pha”, then we would indeed expect to have statistical arbitrage opportunities,
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presumably up to a size at which point transaction cost would make an invest-
ment unwise given our risk measure %. From this point of view, the only real
restriction should be that such an arbitrage opportunity cannot be infinite. We
recall that %(Z) ≥ %(0)−ess supZ i.e. statistical arbitrage might well be accept-
able as long as π is relevant as defined before.

Either way, we want to conclude this section with a simple method of ensur-
ing that H admits no statistical arbitrage.

Proposition 4.4 Let % be a normalized law-invariant convex risk measure w.r.t. P,
and assume that

Hi
0 ≥ EP[Hi

τ ]

for i = 1, . . . , n.
Then, π is normalized and therefore does not admit statistical arbitrage.

Proof – Recall that we had assumed that the cost function c(δ) := Ĥ(δ)− δH0

is normalized and non-negative. Theorem 2.1 yields %(X) ≥ −EP[X]. Recall
from (21) that π(Z) = infδ{Ĥ(δ) + %(δH)}. Hence

Ĥ(δ) + %
(
δH
)
≥ Ĥ(δ)− EP[δHτ ] ≥ Ĥ(δ)− δH0 = c(δ) ≥ 0 ,

which proves π(0) = 0 as claimed. �

5 What Happened to my Greeks?

Our framework goes against much of the common practise of using “greeks” to
manage risk: the classic approach in derivative finance for hedging derivatives is
to use the valuation models to compute “greeks” with respect to relevant market
parameters. In our approach, though, we have not used any greeks. How did
that happen?

Assume that relevant market parameters which are inputs into our models
are given by a vector x0 = (x10, . . . , x

m
0 )′. This vector contains, for example,

spot, volatilities, reference yield curve rates, etc. The value of our portfolio and
our hedges are therefore understood to be functions Z0 ≡ Z0(x0) and Hj

0 ≡
Hj

0(x0), respectively.
We denote by ∆i := ∂xi the derivative with respect to the ith market pa-

rameter and set ∆ := (∆1 . . . ,∆m). We stress again that our ∆ contains not
just “Deltas”, but all relevant first order risks such as Vega, Rho etc.11

11For the avoidance of doubt: ∆ includes greeks with respects to parameters which are not
stochastic in the underlying model, e.g. Vega risk for Black & Scholes pricers.
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Greek Hedging

The standard hedging methodology in derivative finance is based on the as-
sumption of a complete market. In such a situation, a position with zero first
order greek sensitivity has no “risk” and perfectly replicates the payoff. In our
notation, that means computing the matrix ∆H0 and the row vector ∆Z0, and
then finding a δ which “flattens the greeks”, for example

‖∆Z0 + δ ·∆H0‖2 . (29)

If we wanted to minimize our greek exposure of the overall position irrespective
of cost, we may use the Pseudo-Inverse to compute the projection

δG := − (∆H0∆H′0)
−1

(∆Z0∆H′0) . (30)

In practise, a range of heuristics are used to implement risk management based
on this approach while taking into account transaction cost; see our own dis-
cussion in section 5.2 of [5].

Unfortunately, there is no obvious methodologically sound approach to bal-
ance between cost and residual risk since a given greek exposure has no dimen-
sionality which can be compared to the cost of entering into it. Formally, this
is addressed by using “Cash Greeks” ∆$ := x ·∆.12 We may therefore solve
the program

inf
δ

{
Ĥ(δ) + ‖∆Z0 + δ ·∆$H0‖2

}
.

In this approach, each parameter is treated according to their “cash greek”
value. The actual statistical sensitivity of the driving risk factor plays no role.

Parameter Hedging

The immediate next step to improve upon this approach is to recognize that
the return vector dx0 has uncertainty, which should drive which greek to hedge
and how much: if the Delta exposures for two risk factors are nominally the
same, and hedging them cost the same, then we should hedge more the one
whose risk factor has higher volatility. Let us therefore define the statistical
covariance matrix Σ of dx0. Methodologically, we use Taylor to approximate
any F ∈ {Z,H1, . . . ,Hn} with its second-order representation

dF0 = ∆F0 dx0 + µF dt , µF :=
1

2
ΓF0 Σ

dx2

dt
+ ΘF0 . (31)

Here, Γ denotes the second order derivative operator in x, and Θ denotes the
derivative operator in time. The drift µ is called the “Gamma-Theta carry” of
the position F .

Given (31), it is very tempting to approximate dx0 itself as a normal with
mean E[dx0] and variance Σ, which means both dZ and dH are via (31) ap-
proximated as normals. If only quadratic risk is minimized, then a quadratically

12The vector is given by ∆$
iF (x) := ∂εF (x(1 + εei))|ε=0.
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optimal hedge is given by the projection

δP := − (∆H0 Σ ∆H′0)
−1

(∆Z0 Σ ∆H′0) . (32)

In order to introduce cost, we may apply the classic Markoviz mean-volatility/variance
framework and define the program

R(Z) ≡ inf
δ

{
Ĥ(δ)︸ ︷︷ ︸

implementation

cost

− E[dZ + δdH]︸ ︷︷ ︸
Gamma-Theta

carry and drift

+λ‖(dZ + δdH)− E[dZ + δdH]‖p2︸ ︷︷ ︸
Risk

}

(33)
for p ∈ {0, 2}. Note that due to the assumed normality of the returns of dZ
and dH, the objective in this problem is monotone and convex, and obviously
also cash-invariant. The expectation term naturally introduces via (31) the
Gamma-Theta carry µ of the position into the optimization.

This framework is attractive and is in effect widely used in sensitivity-based
VaR calculations. It works well for benign situations where second order effects
and discontinuities of the derivative portfolio are comparatively minor. How-
ever, the implicit assumption that all derivatives can be modelled over [0, τ ] as
normals breaks down in situations with high gamma values, for examples when
working with barriers products or short-term options. See Alexander, Cole-
man and Li’s [1] for an early discussion on these issues (they refer to (31) as
“delta-gamma approximation”).

Statistical Hedging

The next logical step towards hedging a portfolio of derivatives is to use, as we
did in the main body of this note, the actual returns of Z and H. A simplis-
tic approach of using Markoviz-style mean-variance optimization was suggested
in [6]. We remark that in the absence of cost, and if the drift is not taken into
account, and if we only wish to minimize quadratic risk, then an optimal delta
is given by

δQ := − (E[dHdH′] )
−1

(E[dZdH′] ) . (34)

However, we reiterate the points made in the previous sections that the associ-
ated

R(Z) ≡ inf
δ

{
Ĥ(δ)︸ ︷︷ ︸
cost

− E[dZ + δdH]︸ ︷︷ ︸
Gamma-Theta

carry and drift

+λ‖(dZ + δdH)− E[dZ + δdH]‖p2︸ ︷︷ ︸
Risk

}

(35)
for p ∈ {1, 2} is not a well-posed problem since its objective is not monotone
which may result into hedging positions which appear numerically optimal, but
are factually strictly worse than our original position. This is rectified by using
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the approach discussed above, i.e. to use

infδ,W+≥0

{
Ĥ(δ)− ess inf W+

τ︸ ︷︷ ︸
cost and write-off

−E[dZ + δdH−W+
τ ]︸ ︷︷ ︸

Gamma-Theta

carry and drift

(36)

+λ‖(dZ + δdH−W+
τ )− E[dZ + δdH−W+

τ ]‖p2︸ ︷︷ ︸
Risk

}

in order to find an optimal hedge δ∗ and write-off W ∗.

6 Conclusion

We have motivated an alternative approach to mean-variance optimization which
is monotone and convex – properties which are natural to any such approach
and become crucial when considering portfolios of derivatives. We have also
seen how the introduction of being able to write off parts of our portfolios leads
naturally to convex risk measures.

Our favourite measure is the “quadratic CVaR” measure

ρ(X) := inf
w
{w + λ‖min{0, X + w}‖2}

for λ ≥ 1.
In our data-driven approach we cease having to use greeks for the calculation

of hedging position, and rely entierly on statistical properties of the return
distribution.

Our work on “Deep Hedging” [8] extends the material here to multiple steps.

7 Disclaimer

Opinions and estimates constitute our judgement as of the date of this Material, are
for informational purposes only and are subject to change without notice. This Ma-
terial is not the product of J.P. Morgans Research Department and therefore, has not
been prepared in accordance with legal requirements to promote the independence of
research, including but not limited to, the prohibition on the dealing ahead of the
dissemination of investment research. This Material is not intended as research, a
recommendation, advice, offer or solicitation for the purchase or sale of any financial
product or service, or to be used in any way for evaluating the merits of participat-
ing in any transaction. It is not a research report and is not intended as such. Past
performance is not indicative of future results. Please consult your own advisors re-
garding legal, tax, accounting or any other aspects including suitability implications
for your particular circumstances. J.P. Morgan disclaims any responsibility or liabil-
ity whatsoever for the quality, accuracy or completeness of the information herein,
and for any reliance on, or use of this material in any way. Important disclosures at:
www.jpmorgan.com/disclosures

27



References

[1] Alexander, Coleman, Li:
“Minimizing CVaR and VaR for a portfolio of derivatives”, Journal of Banking &
Finance, 2006
https://cs.uwaterloo.ca/~yuying/papers/cvarJBF.pdf

[2] Artzner, Delbaen, Eber, Heath:
“Coherent Measures of Risk”, Mathematical Finance, Vol. 9, No. 3 (July 1999),
203;228
http://personal.fmipa.itb.ac.id/khreshna/files/2011/02/artzner1999.

pdf

[3] Ben-Tal, Teboulle:
“An old-new concept of convex risk measures: The optimized certainty equiva-
lent”, Mathematical Finance, Issue 3, 17 (2007), 449-476
http://emotion.technion.ac.il/Labs/Opt/opt/Pap/oce-risk.pdf

[4] Ben-Tal, Teboulle:
“Expected utility, penalty functions and duality in stochastic nonlinear program-
ming”, Management Science, Vol. 32, No. 11 (Nov., 1986), pp. 1445-1466

[5] Buehler:
Volatility Markets: Consistent Modelling, Hedging and Practical Implementation,
PhD dissertation, 2006, published in print VMD Verlag 2009
http://ssrn.com/abstract=1118245

[6] Buehler:
“Statistical Hedging: Application to Stochastic Local Volatility Models”, presen-
tation, Global Derivatives Trading & Risk Management Conference, Amsterdam,
May 2013

[7] Buehler:
“Statistical Hedging - Cost, Carry, Risk”, presentation, Global Derivatives Trad-
ing & Risk Management Conference, Amsterdam, May 2014

[8] Buehler, Gonon, Teichmann, Wood:
“Deep Hedging”, Quantitative Finance, vol 0, num 0, 2019, pages 1-21
https://www.ssrn.com/abstract=3120710

[9] El Karoui, Ravanelli:
“Cash Sub-additive Risk Measures and Interest Rate Ambiguity”, Mathematical
Finance, Volume 19, Issue 4 October 2009, Pages 561590

[10] Filipovic, Kupper:
“Monotone and Cash-Invariant Convex Functions and Hulls”, Insurance Mathe-
matics Economics, 41(1): 16, 2007
http://www.math.lmu.de/~filipo/PAPERS/constconvfinal.pdf
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